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Abstract: In this paper we propose an approach to evaluate the domain of 
attraction of asymptotically stable periodic solutions obtained via averaging 
principle (second Bogolubov’s theorem or Mel’nikov’s method). We discuss also 
how this result is extended in the case when the right hand part is nonsmooth. 
1. Introduction 
Since the classical paper by van der Pol [6] many oscillating process in mechanics and engineering 
are described by means  of the following system of ordinary differential equations  
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where ε >0 is a small parameter, A∈C2(Rn,Rn), h∈C1(R×Rn×[0,1],Rn) is a T-periodic in time and any 
solution of the unperturbed system )(uAu =&  is T-periodic. A well known change of variables allows 
us to rewrite (1) in the standard form of Krylov-Bogolubov averaging principle (see [5], §2):  
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where g∈C1(R×Rn×[0,1],Rn) and analysis of T-periodic oscillations in (1) is then reduced to the same 
analysis for (2). A key role in this analysis is played by the averaging function: 
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namely the Second Bogolubov’s theorem claims: 
Second Bogolubov’s theorem ([2], Ch.1, §5, Theorem II). Properties g0(v0) = 0 and det(g0)'(v0) ≠ 0 
assure the existence and uniqueness, for ε > 0 small of a T-periodic solution xε of system (2) in a 
neighborhood of v0, while the fact that all the eigenvalues of (g0)'(v0) have negative real part, 
provides also its asymptotic stability. 
The goal of the present paper is to answer the following question settled in a similar situation by 
Andronov-Vitt-Khaikin ([1], Ch.III, §3): What is the domain of attraction of the asymptotically stable 
T-periodic solution xε given by the Second Bogolubov’s theorem? Surprisingly, we were not able to 
find the answer in the literature. 
2. Main result 
We can give the following answer to the question posted in the introduction. 
Theorem 1. Let g∈C1(R×Rn×[0,1],Rn) and v0∈Rn satisfies g0(v0)=0. Assume, that the convex set 
v0∈V⊂Rn is chosen in such a way that there exist constants α > 0, q∈[0,1] and a norm ||⋅||0 on Rn 
satisfying the property 
||v1+αg0(v1)-v2-αg0(v2)||0 ≤ q||v1-v2||0     for any    v1, v2∈V. (3) 
Then for any ε >0 sufficiently small system (2) has an unique asymptotically stable T-periodic 
solution xε  with xε (0)∈V. Moreover, xε  attracts any other solution with initial condition in V. 
Proof. Denote by x(⋅,v,ε) the T-periodic solution of (2) with initial condition x(0)=v. We have 
( ) ( ,)()()(),,,(,),,( 00
0
vgvgvgvdvsxsgvvtx
T
−++=+= ∫ εεετεεεε )  (4) 
where  and   ∫= T dvgvg
0
0 )0,,()( ττ ( ) .,),,,(,,)(
0 0
∫ ∫ ⎟⎟⎠
⎞
⎜⎜⎝
⎛ +=
T
ddsvsxsgvgvg τεεεετ
τ
ε
If can be easily checked (see e.g. [3], Lemma 2.3) that (3) implies 
||v1 + ε g0(v1) – v2 – ε g0(v2)||0 ≤ (1 – ε (1 – q)α) ||v1-v2||0,      for any   v1, v2∈V, ε ∈(0,ε 0]. (5) 
Choose r > 0 sufficiently small such that v0∈Br(v0) ⊂V. Then from (5) we have that there exists α > 0 
such that I +αg0 maps Br(v0) into itself. Therefore, we can decrease ε 0 > 0, if necessary, in such a way 
that I+αg0 maps Br(v0) into itself for any ε ∈(0,ε 0] as well. By the Brouwer theorem (see, e.g. [4], 
Theorem 3.1) we have that Br(v0) contains at least one fixed point of the map I +αg0 for any ε ∈(0,ε 0]. 
Denote this fixed point by vε. Than we have gε (vε) = 0 and x(T,vε,ε) = vε for any ε ∈(0,ε 0]. 
Now we prove that x(⋅,vε,ε ) is asymptotically stable T-periodic solution of (2) globally in V. 
Since (v,ε ) → gε (v) is continuously differentiable then ε 0 > 0 can be diminished, if necessary, in such 
away that  
||gε (v1) – g0(v1) – gε (v2) + g0(v2)||0 ≤ (1 – q)(α/2) ||v1 – v2||0,      for any   v1, v2∈V, ε ∈(0,ε 0]. (6) 
Combining (4), (5) and (6) we have  
||x(T,v1,ε ) – x(T,v2,ε )||0  ≤ (1 – ε (1 – q)α +ε (1 – q)(α/2)) ||v1 – v2||0     for any   v1, v2∈V, ε ∈(0,ε 0]. 
Since 0 < 1 – ε (1 – q)α +ε (1 – q)(α/2) < 1 then the latter implies (see [4], Lemma 9.2) the thesis of the 
lemma. 
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Remark 1. Assumptions of the Second Bogolubov’s theorem imply the existence of α > 0, q∈[0,1] 
and a norm ||⋅||0 on Rn satisfying (3) of Theorem 1 with sufficiently small ball centered at v0 playing 
the role of V (see [3], Lemma 2.7).  
3. An extension to nonsmooth differential equations 
Following the lines of [3] it is possible to give a generalization of Theorem 1 for the case when 
the right hand part in (2) is only Lipschitzian, but possesses the following property: 
Definition. Non-autonomous function (t,v,ε) → g(t,v,ε) (with time variable t) depending on 
parameter ε ∈[0,1] is said to be weakly differentiable if given any γ > 0 there exist δ > 0 and a family 
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a) the function g(t,⋅,ε) is differentiable in δ-neighborhood of v, 
b)  || ),,(),,( 21 εε hvtghvtg vv +′−+′ || ≤ γ   for any  ||h1|| ≤ δ, ||h2|| ≤ δ. 
One can prove the following result. 
Theorem 2. Let g∈C0(R×Rn×[0,1],Rn) be locally Lipschitzian in the second variable weakly 
differentiable function and v0∈Rn satisfies g0(v0)=0. Assume, that the convex set v0∈V⊂Rn is chosen 
in such a way that there exist constants α>0, q∈[0,1] and a norm ||⋅||0 on Rn satisfying the property 
||v1+αg0(v1)-v2-αg0(v2)||0 ≤ q||v1-v2||0     for any    v1, v2∈V. (3) 
Then for any ε > 0 sufficiently small system (2) has an unique asymptotically stable T-periodic 
solution xε  with xε (0)∈V. Moreover, xε  attracts any other solution with initial condition in V. 
 
Remark 2. By several particular examples we convinced ourselves that if function (t,v,ε) → h(t,v,ε) 
in (1) is piece-wise differentiable in the second variable then (t,v,ε) → g(t,v,ε) in (2) is weekly 
differentiable in the sense of above definition, but we did not prove a general statement up to now.  
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